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Abstract. Stommel’s theory of wind-drift near the Equator, describing what is now known as the Tropical Cell,
is flawed in that it predicts an Equatorial Current and Undercurrent which are much narrower than the observed
currents. McCreary’s later study with a semi-analytic model showed that the key feature that Stommel had
missed was the effect of stratification in the surface layers of the ocean. When stratification is included, it forces
the Equatorial upwelling to occur over a much larger range of latitudes. It is also responsible for the changes
in sea level and stratification seen close to the Equator. In other respects Stommel’s theory appears correct and
gives some useful insights into the application of geostrophy near the Equator.
This note revisits Stommel’s theory, using a slightly different approach, with the aim of providing more details
about the solution and also to show how Stommel’s simple Ekman layer with geostrophy results in both an
Equatorial Current and Equatorial Undercurrent.
1 Introduction
Although it is difficult to observe experimentally, the wind
driven surface Ekman layer is known to transport water
across the ocean, setting up pressure differences which ul-
timately drive many of the ocean currents. The net transport
in the Ekman layer produced by a given wind stress, depends
on the Coriolis parameter and so is a function of latitude,
tending to infinity at the Equator. This results seems unreal-
istic.
In much of the ocean there is also a first order balance be-
tween the horizontal pressure gradient within the ocean and
the Coriolis term in the equations of motion. This approxima-
tion, known as geostrophy, is widely used in ocean studies to
derive currents from estimates of the pressure field. The cur-
rent calculated in this way from a given pressure gradient
depends on the Coriolis force and so also tends to infinity at
the Equator. Again this seems unrealistic, implying that the
underlying theory is breaking down near the Equator.
Stommel (1960) investigated the combined effect of the
Ekman transport and geostrophy close to the Equator in an
ocean with an unstratified near surface layer and showed
that the two effects cancel out. With a steady westward
wind stress acting on the ocean, he showed that away from
the Equator the solution consists of a surface Ekman layer,
with flow away from the Equator, lying above a deeper
geostrophic inflow, with a compensating flow towards the
Equator. This combined system is now known as the Trop-
ical Cell.
However the solution also generates an Equatorial Current,
flowing westwards at the ocean surface and a deeper Equa-
torial Undercurrent, flowing eastwards. This, a possibly un-
expected result, implies that the strength and width of these
currents are related to the Ekman spiral in the ocean.
Unfortunately at this point the theory failed. It had one
free parameter which was the vertical viscosity. If a phys-
ically realistic value was chosen, the speed of the Equato-
rial Current and Undercurrent were reasonable, with value
around 1.5 m s−1, but the width was only a fraction of a de-
gree, compared to the observed width of one to two degrees.
If the viscosity was increased, the a reasonable width can be
obtained but the speeds drop to 0.15 m s−1. Thus the theory
appeared to contain a major flaw.
The source of the problem was eventually explained by
McCreary (1981), who showed that it was necessary to in-
troduce stratification. He developed a semi-analytic model
of the Equatorial system and found that upwelling near the
Equator was limited by the rate at which heat could diffuse
downwards. One result of this was to increase the range of
latitudes over which upwelling occurs. The Ekman transport
also reduces sea level near the Equator and generates a com-
pensating uplift of the density surfaces below. This increases
the vertical temperature gradient, which together with the in-
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creased latitudinal spread, results in the required downward
diffusion of heat.
Returning to the Stommel (1960) paper, the study is still of
interest because of the way it shows that both Ekman theory
and geostrophy remain valid as the Equator is approached.
Unfortunately, and partly because he already knew its limi-
tations, Stommel’s paper only includes one schematic figure
of the solution and it does not really try and explain how the
Ekman spiral and geostrophy combine to give the Equatorial
Current and Undercurrent as the Equator is approached.
The present note returns to the Stommel problem and at-
tempts to provide better illustrations of the solution and to
investigate the limit as the Equator is approached. Section
two of the paper is concerned with the analytic model, using
a slightly different approach to the one used by in Stommel
(1960). Full details of the analytic solution are included in
the Appendices and these also include the limiting solutions
as the distance to the Equator becomes very large or very
small.
The main results are presented in section three and used in
section four to investigate the behaviour of the Ekman spiral
near the Equator. Finally section five briefly discusses the
results.
2 The Analytic Model
Oceanographic sections across the Equator, show that at low
latitudes below the surface mixed layer there is a region of
strong stratification usually associated with the Equatorial
Undercurrent. The layer, which extends a few degrees on ei-
ther side of the Equator, is so strongly stratified that vertical
motions through the layer are likely to be small.
However the infinity in the Ekman transport that occurs as
one approaches the Equator, means that at low latitudes the
transport is rapidly changing. Under normal oceanographic
conditions this would imply a large amount of Ekman suction
and vertical velocities at the base of the Ekman layer which
tend to infinity as the Equator is approached.
However, because of the observed strongly stratified layer,
this cannot occur. Stommel therefor made the simplifica-
tion that the near surface ocean as a simple mixed layer of
uniform density. He also assumed that the layer thickness
was constant and there there was no flow through its bottom
boundary.
The Equatorial Current has a maximum velocity in the re-
gion of high density gradient, i.e. at the bottom of the model
mixed layer. If the vertical viscosity is constant then a max-
imum in the velocity implies a zero vertical stress, at least
in the zonal direction. On this basis the model assumes zero
stress, in both directions, at the base of the mixed layer.
At the surface the model assumes a constant zonal wind
stress to the west. Munk’s circulation theory showed that cur-
rents at the Equator can be generated by a non-zero wind
stress curl. Such solutions bypass the infinity problem at the
Equator because it is always possible to construct a stress
field with the same curl but with zero stress at the Equator.
The case considered here, where the wind stress is constant,
would produce no flow in the Munk model, but it would be
possible later to add a Munk type solution to the present re-
sults and so represent the effect of a varying wind stress field.
Stommel’s model also assumes that the integrated zonal
pressure gradient balances the wind stress. The justification
for doing this is based on observational evidence (i.e. Bryden
and Brady (1985)) and model analysis.
Finally the model assumes that the zonal pressure gradient,
like the wind stress, is independent of latitude. In the surface
layer there can be some density effects but the pressure gra-
dients are generated primarily by changes in the height of the
sea surface. Experience with a high-resolution version of the
NEMO model shows that in the central Pacific the time av-
eraged zonal gradient in SSH, which increases to the west, is
roughly constant in the latitudes spanning the Equator.
Of all these assumptions the key factor is that the merid-
ional Ekman transport and the meridional geostrophic trans-
port balance within the layer being studied. When this is true
the infinities disappear and a reasonable solution can be ob-
tained even very close to the Equator.
2.1 The Model Equations
If we assume that the ocean is incompressible and that, in the
vertical, it is in hydrostatic balance, the equations describing
the system are,
ρ(
∂u
∂t
+u
∂u
∂x
+v
∂u
∂y
+w
∂u
∂z
− fv) =
∂p
∂x
+κ
∂2u
∂z2
+Ah(
∂2u
∂x2
+
∂2u
∂y2
), (1)
ρ(
∂v
∂t
+u
∂v
∂x
+v
∂v
∂y
+w
∂v
∂z
+ fu) =
∂p
∂y
+κ
∂2v
∂z2
+Ah(
∂2v
∂x2
+
∂2v
∂y2
), (2)
0 =
∂p
∂z
+ ρg, (3)
∂u
∂x
+
∂v
∂y
+
∂w
∂z
= 0. (4)
where u, v and w are the components of velocity in the east-
wards, northwards and upwards directions corresponding to
co-ordinates x, y and z. ρ is density, t is time and p is pres-
sure. κ is the vertical and Ah the horizontal viscosity coeffi-
cient, both assumed constant. g is gravity.
The Coriolis parameter f is defined as,
f = 2Ωsin(θ). (5)
where Ω is the Earth’s rotation rate and θ the latitude.
Stommel looked for the steady state solution for a well
mixed surface layer of thickness H and constant density ρ0.
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Velocities are assumed to be small so the advection terms
can be neglected. The horizontal viscosity terms are also as-
sumed to be small enough to be neglected. Equation 3 can
then be solved to give,
p(x,y,z) = p0(x,y) + ρ0gz, (6)
and Eqns. 1 and 2 become,
−ρ0fv = ∂p0
∂x
+κ
∂2u
∂z2
,
ρ0fu =
∂p0
∂y
+κ
∂2v
∂z2
. (7)
For boundary conditions, Stommel assumed that at the top
of the layer, the ocean surface, there was a wind stress τx
acting in the x direction only and that the wind stress exactly
balanced the vertical integral of the horizontal pressure gradi-
ent. He also assumed that at the bottom of the layer there was
zero stress. The equations relating pressure and wind stress
are then
0∫
−H
dz
∂p0
∂x
= τx,
0∫
−H
dz
∂p0
∂y
= 0, (8)
and the surface and bottom boundary conditions are,
κ
∂u
∂z
= τx and κ
∂v
∂z
= 0 at z = 0,
κ
∂u
∂z
= 0 and κ
∂v
∂z
= 0 at z =−H. (9)
2.2 Method of Solution
Stommel solved the problem by splitting the two horizontal
components of velocity u and v into Ekman and geostrophic
components,
u = ue +ug ,
v = ve + vg . (10)
The geostrophic components balance the pressure gradient
terms in Eqn. 7.
−ρ0fvg = ∂p0
∂x
,
ρ0fug =
∂p0
∂y
. (11)
Integrating these equations over depth and using Eqn. 8 gives
the solutions,
ug = 0
vg =
τx
ρ0fH
. (12)
As the Equator is approached vg has a singularity propor-
tional to 1/f .
2.3 The Ekman Components
The Ekman components balance the vertical viscosity terms
in Eqn. 7,
−ρ0fve = κ∂
2ue
∂z2
,
ρ0fue = κ
∂2ve
∂z2
. (13)
with boundary conditions,
κ
∂ue
∂z
= τx and κ
∂ve
∂z
= 0 at z = 0,
κ
∂ue
∂z
= 0 and κ
∂ve
∂z
= 0 at z =−H. (14)
Details of the method used to solve these equations is given
in Appendix I. The solutions are,
ue(y,z) = u1e
α(1+i)z/H +u3e
−α(1+i)(z/H) + c.c.,
ve(y,z) =−i (u1eα(1+i)z/H +u3e−α(1+i)(z/H)) + c.c..
(15)
where “c.c.” represents complex conjugate and,
α =
(
ρ0fH
2
2κ
)1/2
. (16)
u1 =
(
τxH
κ
)
1
2α(1 + i)(1− e−2α(1+i)) ,
u3 =
(
τxH
κ
)
1
2α(1 + i)(1− e 2α(1+i)) . (17)
There are two limits of interest. Far from the Equator, α is
large and as a result the ratio of u3 to u1 tends to zero. In this
limit the two components of velocity become,
ue(z) ≈
(
τxH
κ
)
1√
2α
eαzsin(αz−pi/4),
ve(z) ≈
(
τxH
κ
)
1√
2α
eαzcos(αz−pi/4). (18)
corresponding to a normal Ekman spiral.
Near the Equator α is small. Appendix A shows that in this
limit the functions have the form,
ue(z)≈
(
τxH
κ
)
1
6
(2 + 6z+ 3z2) +O(α4),
ve(z)≈−
(
τxH
κ
)[
1
2α2
+α2
−8 + 60z2 + 60z3 + 15z4
180
]
+O(α6).
Substituting for α,
ve(z) ≈ − τx
ρfH
+ O(α2). (19)
Thus near the Equator ue is well behaved but ve has a singu-
larity, proportional to 1/f . This exactly balances the singu-
larity in the geostrophic velocity vg (Eqn. 12).
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Figure 1. Northward component of velocity. Red (blue) indicates
northward (southward) velocity. Contours at intervals of 5 cm s−1.
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Figure 2. (a) The vertical component of velocity. Red (blue) indi-
cates upward (downward) motion. Contours at intervals of 2×10−3
cm s−1. (b) Meridional stream function. Red (Blue) indicates anti-
clockwise (clockwise) flow. Contours at intervals of 2×104 cm2s−1
3 The Solution as a Function of Latitude
Figures 1 to 3 show the solution for an east-west wind
stress τx of -0.1 Pa (-1 dyne cm−2), i.e. for a wind blow-
ing towards the west1. The thickness of the ocean surface
layer is 150 m, the density of water is assumed to be 1000
kg m−3 and the vertical viscosity coefficient is 10 Pl (100
gm cm−1 s−1). In terms of Appendix I, the scaling factor for
the non-dimensional velocity (τH/κ) is then 1.5 m s−1 and
the latitude corresponding to an α value of 2 is 1.05° north
or south. As discussed in the Appendix, this is a measure of
the width of the Equatorial Current and Undercurrent.
As the flow is symmetric about the Equator, each figure
shows only part of the southern hemisphere solution. At the
1In these figures, limits refer to minimum and maximum values
at the centre of plotted cells, not absolute limits.
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Figure 3. Zonal velocity field. Red (blue) indicates eastward (west-
ward) flow. Contours at intervals of 5 cm s−1.
surface, the Ekman layer transports surface water away from
the Equator, the thickness of the layer becoming smaller as
latitude increases. The velocity is zero at the Equator itself
and increases rapidly to near 2°N, after which it decays. At
depth the flow is towards the Equator, again with a maximum
velocity near 2°N, and zero velocity at the Equator itself.
Figure 2 shows that the main area of upwelling occurs
within one degree of the equator. This is compensated by
downwelling at higher latitudes, the maxima occuring near
2° north and south. The resulting circulation, equivalent to
the topical overturning cell, shows up clearly in the stream
function figure. The transport in the cell is 7.3×104 cm2s−1,
equivalent to 0.81 Sverdrups per degree of longitude.
The eastward component of velocity is shown in Fig. 3.
Away from the Equator, the velocities behave as expected
from an Ekman spiral, with surface velocities in the direction
of the wind, a reversed flow below and a further change in
direction at depth.
As the Equator is approached the surface flow becomes
much stronger in the region where the north-south velocity
tends to z ro. It may thus be identified as the representation
of the Equatorial Current. Below there is a strong reverse cur-
rent at the right depths for the Equatorial Undercurrent.
Overall the results show that although the Ekman and
geostrophic solution each generate unphysical singularities
as the Equator is approached, the combined solution is
well behaved, although weaker than observed in reality. The
full solution not only generates the Ekman outflow and
geostrophic inflow at high latitudes, but the combined solu-
tion also generates the tropical overturning cells and both the
Equatorial Current and Undercurrent.
3.1 Varying Viscosity and Layer depth
If Ψ(x,z) and is the stream function in real space and
ψ(α,z′) the stream function in the non-dimensional space
used in Appendix A, then from Eqn. A20,
Ψ(x,z) =
(
τH2
κ
)
ψ(α,z′). (20)
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The strength of the Tropical Cell is thus proportional to the
square of the layer depth and to the inverse of the vertical
viscosity.
Near the Equator, the Coriolis term is an approximately
linear function of latitude. Thus substituting βx for f in Eqn.
16 and rearranging,
x=
(
2κ
ρ0βH2
)
α2. (21)
Thus the contribution of layer depth and vertical viscosity to
the latitudinal scale of the Tropical Cell, is the inverse of their
contribution to its strength.
4 The Ekman Spiral near the Equator
In order to understand the reason for the solution’s behaviour
near the Equator, Fig. 4 plots the horizontal components of
velocity as a function of depth for values of α (Eqn. 17) be-
tween 0.5 and 5.0. The variable α is proportional to f1/2, so
low values of α correspond to latitudes near the Equator.
For this figure the normal axis directions have been ro-
tated by ninety degrees so that the horizontal ’x’ axis corre-
sponds to north and the vertical ’y’ axis to west. The figure
also shows non-dimensional velocities, which should be mul-
tiplied by (τH/κ) to convert to dimensional values.
Far from the equator, where α is large, the locii take the
form of a traditional Ekman spiral, with the surface veloc-
ity at 45 degrees to the surface wind stress. As depth in-
creases the velocity vector rotates clockwise, in the northern
hemisphere, and its magnitude decreases exponentially with
depth.
As α is reduced, the velocities increases by an amount
roughly proportional to α−2 (i.e. f−1) but as α drops below a
value of 2 there are two significant changes. First the surface
velocity in the direction of the wind increases more slowly,
eventually reaching a value of 1/3 in the limit of infinite α
(Eqn. A15). Secondly the Ekman spiral starts to unwind, the
velocity at depth no longer tending to zero. Instead the veloc-
ity in the direction of the wind becomes negative, eventually
reaching a value of -1/6 in the limit of infinite α.
The overall result is that, as the Equator is approached,
the Ekman velocities increase and a form of Ekman spiral
continues to exist, but in the limit, the shear between the top
and bottom of the surface layer becomes aligned with the
wind.
4.0.1 Adding the Geostrophic Term
The effect of adding the geostrophic term is shown in Fig
5. At small values of α the combined solution has the form
of an Ekman spiral but with an offset corresponding to the
geostrophic inflow.
As α is reduced the spiral unwinds and it is during this
process, at values near α equal to 2, that the surface and bot-
tom velocities at right angles to the wind are greatest. As α is
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Figure 4. The non-dimensional velocities plotted as set of Ekman
spirals (i.e. (u,v) plotted as a function of depth) for values of α be-
tween 0.5 and 5.0, at intervals of 0.5. The axes have been rotated
clockwise so that the wind stress vector runs vertically. The crosses
correspond to non-dimensional depths of 0.25, 0.5 and 0.75, the
shallowest depths having a positive velocity both westwards and
northwards.
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Figure 5. As Fig. 4, except that the velocities are plotted after sub-
tracting the contribution of the geostrophic current (1/2α2).
reduced further the locii become more linear, the velocity at
right angles to the wind tending to zero in the limit of infinite
α.
The result implies that it is the unwinding of the Ekman
spiral which, as the Equator is approached, gives the smooth
transition to the Equatorial Current and Undercurrent.
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5 Conclusions
Although Ekman theory and geostrophic theory both gener-
ate infinite currents at the Equator, when they are combined
in an model of an unstratified surface layer, the resulting
flow field satisfactorily reproduces many of the near surface
features of the equatorial ocean. These include the surface
Ekman layer transport away from the Equator, the deeper
geostrophic inflow, the resulting tropical cell, and both the
Equatorial Current and the Equatorial Undercurrent.
In reality, as discussed by McCreary (1981), stratification
in the surface layer is important. However although this af-
fects the width of the Equatorial Current and Undercurrent,
this unwinding of the Ekman spiral as the Equator is ap-
proached is still likely to be valid.
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Appendix A: Solution of the Analytic Model
Non-dimensional the variables by making the substitutions,
z = z′H,
ue = u
′
e(τH/κ),
ve = v
′
e(τH/κ). (A1)
Eqns. 13 then become,
−ρfv′e =
κ
H2
∂2u′e
∂z′2
,
ρfu′e =
κ
H2
∂2v′e
∂z′2
, (A2)
with boundary conditions,
∂u′e
∂z′
= 1 and
∂v′e
∂z′
= 0 at z′ = 0,
∂u′e
∂z′
= 0 and
∂v′e
∂z′
= 0 at z′ =−1. (A3)
In the rest of this section, the primes will be dropped. We
look for solutions of the form,
ue = u exp(kz), ve = v exp(kz). (A4)
From Eqn.A2,
−ρfv ekz = κ
H2
k2u ekz,
ρfu ekz =
κ
H2
k2v ekz. (A5)
Eliminating v,
(ρf)2u = −
( κ
H2
)2
k4u. (A6)
So,
k4 = −
(
ρfH2
κ
)2
. (A7)
If,
α=
(
ρfH2
2κ
)1/2
(A8)
then
k = α(±1± i). (A9)
The general solution is thus,
ue =u1e
α(1+i)z +u2e
α(1−i)z
+u3e
−α(1+i)z +u4e−α(1−i)z,
ve =
−1
2α2
[u1α
2(1 + i)2eα(1+i)z +u2α
2(1− i)2eα(1−i)z
+u3α
2(1 + i)2e−α(1+i)z +u4α2(1− i)2e−α(1−i)z],
=− i [u1eα(1+i)z −u2eα(1−i)z
+u3e
−α(1+i)z −u4e−α(1−i)z].
and the vertical derivatives become,
∂ue
∂z
= u1α(1 + i)e
α(1+i)z +u2α(1− i)eα(1−i)z
−u3α(1 + i)e−α(1+i)z −u4α(1− i)e−α(1−i)z,
∂ve
∂z
= −i [u1α(1 + i)eα(1+i)z −u2α(1− i)eα(1−i)z
−u3α(1 + i)e−α(1+i)z +u4α(1− i)e−α(1−i)z].
The boundary conditions at the surface give,
1 = u1α(1 + i) +u2α(1− i)−u3α(1 + i)−u4α(1− i),
0 = u1α(1 + i)−u2α(1− i)−u3α(1 + i) +u4α(1− i).
and at the bottom boundary, where z equals −1,
0 = u1α(1 + i)e
−α(1+i) +u2α(1− i)e−α(1−i)
−u3α(1 + i)eα(1+i)−u4α(1− i)eα(1−i),
0 = u1α(1 + i)e
−α(1+i)−u2α(1− i)e−α(1−i)
−u3α(1 + i)eα(1+i) +u4α(1− i)eα(1−i).
Combining these equations,
1 = 2u1α(1 + i)− 2αu3(1 + i),
0 = 2u1(1 + i)e
−α(1+i)− 2u3(1 + i)eα(1+i). (A10)
Thus,
u3 = u1e
−2α(1+i), (A11)
and,
u1 =
1
2α(1 + i)(1− e−2α(1+i)) ,
u3 =
−1
2α(1 + i)(1− e 2α(1+i)) . (A12)
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Repeating the process for u2 and u4, one finds that these are
the complex conjugates of u1 and u3. In non-dimensional
form the geostrophic term (Eqn 1) is,
vg =
1
2α2
. (A13)
Combining the Ekman and geostrophic components, the full
solution is,
u(z) = [u1e
α(1+i)z +u3e
−α(1+i)z] + c.c.,
v(z) = −i[ u1eα(1+i)z +u3e−α(1+i)z)] + c.c.
+1/(2α2). (A14)
where c.c. represents the complex conjugate terms.
A1 Behaviour at Small and Large α
The parameter α is proportional to f1/2, so it tends to zero
as the Equator is approached. An expansion of the Ekman
part of Eqns. A14 in a Taylor series about this limit was car-
ried out using an algebraic manipulator (Maxima). When α
is small, the Ekman components become,
ue(z) ≈ 1
6
(2 + 6z+ 3z2) +O(α4), (A15)
ve(z) ≈ − 1
2α2
+α2
−8 + 60z2 + 60z3 + 15z4
180
+O(α6). (A16)
The first equation shows that at the Equator, ue(z) is a well
defined function of z with no singularity. As α increases
away from the Equator, the correction term is proportional
to f2, showing that ue(z) is a parabolic function of f and
thus, to first order, a parabolic function of latitude.
The second equation shows that the leading term in ve(z)
has a singularity at the Equator which is proportional to 1/f
but independent of depth. If this is subtracted out, the func-
tion is zero at the Equator and initially increases linearly with
f away from the Equator.
Far from the Equator, where α is large, the exponential
functions in Eqns. A12 tend to zero. As a result, in this limit,
u1 ≈ 1
2α(1 + i)
,
u3 ≈ 0. (A17)
After some algebra the solutions are,
ue(z) ≈ 1√
2α
eαzsin(αz−pi/4), (A18)
ve(z) ≈ 1√
2α
eαzcos(αz−pi/4). (A19)
This form corresponds to a standard Ekman spiral, the vector
(u,v) rotating and decaying with depth.
Value of Value of
α u(z)
u(0,0) 0.0000 1/3
u(0,−1) 0.0000 -1/6
Minimum ∂u(α,0)/∂(α) 1.9859 0.2522
Maximum ∂u(α,−1)/∂(α) 1.9318 -0.0946
u(0,−1) = 0 3.9266 0.0000
v(α,z)
v(0,0) 0.0000 0.0000
v(0,−1) 0.0000 0.0000
Maximum of v′′(α,0) 2.4092 0.1184
Minimum of v′′(α,−1) 2.1323 -0.0917
Table A1. Values of α and the two components of velocity, u(α,z)
and v(α,z), at key locations on the surface (z=0) and at maximum
depth (z=-1).
A2 Behaviour at the Surface and Bottom of the Layer
The functions u(z) and v(z) (Eqns. A14) are plotted in
Fig.A1 for the surface (z=0) and for the bottom of the layer
(z=-1). The values of α at key points are given in table A1.
The maximum and minimum values of v and the greatest gra-
dients of u occur in the region of α equal to 2. The first zero
crossing of u(−1) occurs in the region of α equal to 4.
Far from the Equator, where α is large, the solutions are
consistent with the normal behaviour of an Ekman spiral. The
velocity at the surface is at 45°to the wind and the velocity
tends to zero at depth.
Near the Equator, where α is small, the meridional com-
ponent v tends to zero. At the Equator itself, the zonal com-
ponent u, is in the direction of the wind at the surface and
reverses at depth, the maximum speed at the surface (1/3)
being twice that of undercurrent at the bottom of the layer
(−1/3). In between the current is zero at depth zu0, where,
zu0 =−1 + (1/3)1/2 ≈−0.4226.
Program: Ekman_6
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Non-dimensionalised Velocities at Z = 0 and -1
α
Figure A1. Non-dimensional components of velocities u and v
(Eqn. A14), on the surface (z=0) and at maximum depth (z=-1),
plotted as function of α.
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Program: Ekman_2 02/11/2016 10:41:17
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Figure A2. Force eastwards per unit volume (Nm−3) due to (a)
vertical component of Coriolis vector (contour interval 4× 10−4),
(b) vertical viscosity (4× 10−4), (c) horizontal viscosity (10−6),
(d) advection (10−4), (e) horizontal component of Coriolis vector
(2× 10−6).
A3 The Stream Function
The non-dimensional meridional stream function Ψ is de-
fined by the equation,
Ψ(α,z) =
0∫
z
dz′ v(α,z′). (A20)
Substituting for v from Eqn. A14 and integrating over z,
Ψ(α,z) =
−1
4α2
(
1− eα(1+i)z
1− e−2α(1+i) +
1− e−α(1+i)z
1− e2α(1+i)
)
+ c.c.+
z
2α2
. (A21)
Program: Ekman_3 02/11/2016 10:53:17
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Figure A3. Force northwards per unit volume (Nm−3) due to (a)
vertical component of Coriolis vector (contour interval 4× 10−4),
(b) vertical viscosity 4× 10−4, (c) horizontal viscosity 10−6, (d)
advection 5× 10−5.
The maximum value, where Ψ equals 0.03221 occurs at α
equal to 2.2262 and z equal to −0.4630.
A4 Other Terms in the Equation
For the case discussed above, the constant zonal pressure gra-
dient term (∂p/∂x) in Eqn. 1 has a value of 3.3 10−4Nm−3.
Figure A2 shows the size of the other terms in the zonal equa-
tion, after the Coriolis and advection terms have been trans-
ferred to the right hand side. All positive values thus corre-
spond to forces towards the east.
Thus the surface flow away from the Equator generates,
through the Coriolis term (ρfv), a force to the east which
is balanced partly by the vertical viscosity term (κ∂2u/∂z2)
and the remainder by the constant zonal pressure gradient.
At the Equator the Coriolis term is zero so vertical viscosity
exactly balances the zonal pressure gradient.
The figure also shows the size of terms neglected in the
analytic model described above. Horizontal viscosity is usu-
ally assumed to be important in western boundary currents,
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but here is is seen to be two orders of magnitude smaller than
the dominant terms.
The advection term, however, can be significant on the
Equator. In the case here maximum value of 4.5 10−4 is
larger than the zonal pressure gradient. This term is also
very sensitive to the vertical component of viscosity (κ). For
a fixed wind stress and layer depth, the horizontal velocity
components are proportional to κ−1, but because the width of
the upwelling region is itself proportional to κ1/2, the maxi-
mum of w∂u/∂z is proportional to κ−5/2.
The figure also shows the force due to the horizontal com-
ponent of the Coriolis vector. This is normally neglected in
ocean models but in regions of strong upwelling it may have
an effect. The results here show that at mid-depths on the
Equator, the apparent force is larger than that due to hori-
zontal viscosity but it is still much smaller than the dominant
terms.
Figure A3 shows the corresponding terms for the merid-
ional component of the momentum equation, positive val-
ues correspond to northward forces. The horizontal diffusion
term is again very small.
The advection term shows minima and maxima close to
Equator at the surface, at mid-depths and at the bottom of the
layer. The mid-depth extreme are due to vertical advection,
the top and bottom extrema due to horizontal advection in a
region where the horizontal velocity is changing rapidly. The
extreme values (±1.3 10−4) are about a third of the zonal
pressure gradient term, so although small they are not in-
significant.
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